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Elastic and elastic–plastic analyses of tensioned panels with an elliptical center notch are performed using the

integrated local Petrov–Galerkin sinc method. The method is extended for analysis of boundary-value problems for

nonlinear materials. The integrated local Petrov–Galerkin sinc method is used to obtain stress concentrations and

stress intensities, using the J integral for both elastic and elastic–plastic plane-stress panels. Thematerial is assumed

to behave in a bilinear manner with kinematic hardening. The results are compared with the analytic solution for an

infinite elastic panel in tension and with a finite-element solution for the panel with material nonlinearity. Good

correlation is seen with stress concentration; although, the method tends to overestimate the stress concentrations.

The nonlinear results compare well with the finite-element results. The accuracy deteriorates as the plastic zone

propagates into areas less densely populated by the sinc points. For the elastic–plastic material, the J integral was

estimated within 5% of the finite-element result, using the integrated local Petrov–Galerkin sinc method.

Nomenclature

A, A�, A�, Ax1
, Ax2

= matrices defining the basis function
a, r1, r2 = domain dimensions
�Cijkl, �Cij = plane-stress reduced stiffness tensor

expressed by fourth-order tensor and by
the Voigt notation, respectively

F, f = force vector
h = sinc mesh size
J = J integral, N=m
K = stiffness matrix
N = sinc discretization parameter
n = number of sinc points along each

computational axis n� 2N � 1
Ni��; �� = Lagrange interpolation polynomial
ni = tensor of the normal vector
Pi = matrix of boundary-condition penalty

terms
pi = traction tensor, MPa
Q, R = QR factorization of the stiffness matrix
Ui, u = unknown vectors
ui = displacement tensor, m
WI = weight function of the Ith subdomain
x1, x2 = orthogonal coordinate basis of the

physical domain, m
� = penalty parameter
���� = increment of respective term
�ij, �

p
ij = infinitesimal strain tensor and plastic

strain tensor
�, �i = boundary and portions of the boundary

of the domain �
�, � = orthogonal coordinate basis of

computational domain

�ij = Cauchy stress tensor, MPa
��t�,  ��� = mapping functions between t and �

domains
� = domain of boundary-value problem in

physical domain
���;xy = partial differentiation with respect to x

and y, @2���=�@x@y�
���I = quantity from the Ith weight function of

compact support
�i����, �ii���� = quantity from the subdomain i and ii,

respectively
t����i� = quantity from the ith iteration of the

load increment t

I. Introduction

S TRESS analysis of notched and cracked aircraft components is
an important part of understanding the fatigue-crack growth

process. In the past, stable crack growth in metallic materials under
mode I loading has been extensively studied, using elastic–plastic
finite-element analysis (FEA) [1]. Efficient techniques have been
developed to predict unstable crack growth. Fracture criteria include
crack-tip stress or strain intensity factors, crack-tip-opening dis-
placement or angle, crack-tip force, energy-release rates, J integral,
and the tearingmodulus. The present study focuses on the evaluation
of J integral for panels with elastic–plastic materials.

The J integral was proposed by Rice in 1968 as a way to calculate
the strain energy-release rate in a material [2]. The J integral is
particularly useful when there is a large amount of plasticity [3].
Testing procedures for determining the fracture toughness ofmetallic
materials using the J-integral method are prescribed according to the
American Society for Testing andMaterials standard E1820. The use
of J integral allows the testing of a small specimen (outside the limits
of linearly elastic fracture mechanics) to obtain the critical, mode I
fracture energy JIc. While the J integral is typically applied to line
cracks, its application to rounded and V-shaped notches was
proposed by Livieri [4,5] and Berto and Lazzarin [6].

For elastic–plastic problems with proportional loading or
approximately proportional loading, the path independence of the
J integral still holds [7]. Furthermore, its comparisonwith the known
critical value predicts an unstable brittle crack growth quite well [8].
However, for nonproportional loading, the J integral is path-
dependent [9]. The J integral is based on the deformation theory of
plasticity and holds for nonlinear elastic materials. The path inde-
pendence vanishes when crack growth occurs, as most engineering
materials unload drastically. Recently, the near-tip J integral was
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shown to be the “scalar driving force at the crack tip even in
incrementally elastic–plastic materials, based on the second law of
thermodynamics” by Simha et al. [9].

Meshless methods are often advantageous over finite-element
methods (FEMs), in that they possess a higher degree of continuity in
the solution field. For elastic–plastic materials, this continuity of
higher-order derivatives is advantageous in areas apart from the
elastic–plastic boundary. Discontinuities in the derivative of the
strain field across elastic–plastic boundaries, however, are physical.
Therefore, the application of highly continuous methods for elastic–
plastic problems should be considered carefully.

Gu et al. [10] studied material nonlinearity, using the local radial
point interpolation method, a meshless local Petrov–Galerkin
method (MLPG)with the radial basis function. The paper examined a
constant tension specimen, a pressurized thick-walled cylinder, and a
V-notched plate. In each example, the method performs quite well
when compared with the FEM. Ma et al. [11] studied the use of the
meshless integral method for simple elastic–plastic plane-stress and
plane-strain problems. A rectangular panel under constant tension
and constant shear, a finite plate with a circular hole, and a
pressurized thick-walled cylinder were all solved by the meshless
integral method.

In impact analysis, meshless methods have been suggested and
implemented by many authors, because there is no need to remesh
when failures and shear bands occur. Zhang and Chen [12] used the
moving least-squares approximation in the element-free Galerkin
formulation to study high-velocity impact of an elastic–plastic plate.
Zhang and Chen noted that one drawback of the method is that it
needs a large number of particles for accurate results for the dynamic
fracture study.

The integrated local Petrov–Galerkin sinc method (ILPGSM) was
recently proposed by Slemp et al. [13,14] as a weak-form-based
implementation of the basis function from the sinc method, based on
interpolation of the highest derivative (SIHD) [15–17]. The method
was shown to generally perform better than SIHD, a collocation-
based or strong-form-based approach. Furthermore, the method was
shown to perform exceptionally well in the presence of an edge
singularity and is much easier to implement on arbitrary, non-
rectangular domains than the SIHDmethod. Therefore, the ILPGSM
seems to be a good candidate for handling problems with a highly
elliptical notch.

The remainder of this paper is arranged as follows. The most
pertinent details of the ILPGSM are reviewed. The domain
decomposition and iterative solution approaches are detailed. The
numerical results for infinite elastic plane-stress panels with elliptical
center notches are presented, with results including the J integral.
Comparison is made with the analytic solution for the infinite elastic
panel with an elliptical center notch. Numerical results for an elastic–
plastic panel with bilinear material behavior and kinematic
hardening are presented and compared with similar results from the
FEM. The paper concludes with a brief summary and concluding
remarks.

II. Integrated Local Petrov–Galerkin Sinc Method

The ILPGSM approach was used to analyze the two-dimensional
boundary-value problem for plane-stress deformation of elastic
and elastic–plastic panels with center notches to demonstrate its
effectiveness for nonrectangular domains and material nonlinearity.
For details regarding the ILPGSM method, please refer to Slemp
et al. [13,14]. Only the most pertinent details are reviewed next, with
emphasis given to extending the method for nonlinear incremental
problems.

Consider a second-order two-dimensional boundary-value
problem on the rectangular domain:

��; �� 2 f��N � � � �N [ ��N � � � �Ng

where the boundaries ��N , �N , ��N , and �N are the limits of sinc
points prescribed by the double-exponential transformation [13,14].
Then, assuming f;������; �� � @4f=�@�2@�2� is known at the sinc

points given by the double-exponential transformation, it may be
approximated by a scalar product of sinc series interpolation along
each dimension. Applying numerical indefinite integration by the
double-exponential transformation, the lower derivatives and
unknown function may be approximated by
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h is the mesh size, Si�x� is the sine-integral function, and � is the
double-exponential transformation [13–17]. Note that  is the
inverse transformation (see Slemp et al. [13,14] for the details).
For the present study, the sine-integral function was evaluated by
the approach described by MacLeod [18]. The unknowns are
f;������i; �j�, C1��i�, C2��i�, C3��i�, C4��i�, and C	, where the
subscripts are defined by fi; jg � f�N;�N � 1; . . . ; Ng, and
	� f5; 6; 7; 8g. There are n� 2N � 1 sinc points.

To write the basis functions in matrix form, the global unknown
vector,

u � ff;����;C1;C2;C3;C4; C5; C6; C7; C8gT

is introduced, where
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C 1 � fC1���N�; C1���N�1�; . . . ; C1��N�g

and with similar definitions for C2, C3, and C4, and with

f;���� � ff;�������N; ��N�; f;�������N�1; ��N�; . . . ; f;������N; ��N�;

 f;�������N; ��N�1�; . . . ; f;������N; �N�g

The basis function is written in matrix form:

f;���;���A���;��u; f;���;���A���;��u; f��;���B��;��u
(4)

where A�,A�, and B were defined in Slemp et al. [13,14].

A. Domain Decomposition and Mapping

The present analysis considers domains with elliptic and circular
holes. Thus, the rectangular computational domain (�; �) must be
transformed to the physical domain. The simplestmethod for domain
transformation is to follow the methodology of isoparametric
elements in a quadrilateral finite element. While using the displace-
ment shape functions to describe the shape of element boundaries is
not the intent, using the Lagrange interpolation polynomials with a
discrete number of nodes provides a good means to approximately
represent the geometry. Consider Fig. 1. The figure indicates a nine-
node subdomain in the computational domain ��; �� and physical
domain. Note that the term node is used to describe a point of exact
geometric match between the physical domain and the computa-
tional domain. These points are not related to the sinc points of the
ILPGSMmethod. Themapping between the two domains is given by

x1 � Ni��; ��x1i; x2 � Ni��; ��x2i (5)

where Ni��; �� are the Lagrange shape functions [19].
Consider a quarter of a symmetric panel with a center elliptic

notch, as shown in Fig. 2, with dimensions, loads, and boundary
conditions indicated. Because the domain has five distinct edges, a
single mapping between computational and physical domains would
not be unique; however, using two subdomains makes the mapping
quite simple (see Fig. 3). For the present study, the domains are
divided along the line �x1 � x2�. It should be noted that additional
benefit from using additional subdomains would be marginal. While
this has been neither rigidly proved nor numerically verified, the
additional constants of integration and the necessity of a convergent
sinc series imply a minimal number of subdomains are desired.

To express derivatives with respect to the physical domain
coordinates x1 and x2, the domain mapping is differentiated,
resulting in the following relations:

@�
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jJj
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@�
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� (6)

with repeated index implying summation. Thus, derivatives in the
physical domain can be expressed through the basis function by

@f
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(7)
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B. Incremental-Iterative Approach

For an inelastic plane-stress problem, the boundary-value problem
is derived from the principle of virtual work for the geometry, shown
in Fig. 2, with loading on the top and right edges. The balance of
internal and external virtual work can be written as

Z
�

t��t�ij

t��t�ij d�

�
Z
�r

t��tpi

t��tui d�r �

Z
�t

t��tpj

t��tuj d�t (8)

where pi is the components of applied traction to the top edge �t and
the right edge �r, as indicated in Fig. 2. Note that p1 is an applied
normal stress �11, and p2 is an applied shear �12 on the edge �r; p1 is
an applied shear �12, and p2 is an applied normal �22 on the edge �t.
To linearize the variational statement, the stresses, strains, and
displacements are expressed by an increment from the previous load
step t (the present study considers infinitesimal strains):

Z
�

�t�ij ���ij�
��ij d�

�
Z
�r

t��tpi
�ui d�r �
Z
�t

t��tpj
�uj d�t (9)

Note that variations of stress, strain, and displacement at load step t
are zero, because equilibrium is satisfied at that time step. By
expressing the strain increments in terms of the displacements, the
variational statement is written as

Z
�

��t�11 ���11�
�u1;1 � �t�22 ���22�
�u2;2

� �t�12 ���12��
�u1;2 � 
�u2;1�	 d�

�
Z
�r

t��tpi
�ui d�r �
Z
�t

t��tpj
�uj d�t (10)

Because the variations are arbitrary, equilibrium is satisfied by
letting 
u1 � 0with 
u2 � w2 and 
u2 � 0with 
u1 �w1, wherew1

and w2 are arbitrary. For the present study, we choose
w1 �w2 �WI , where WI is a weight function of compact for the
Ith subdomain. Therefore, the equilibrium equations may be
uncoupled to yield

Z
�

��t�11 ���11�WI
;1 � �t�12 ���12�WI

;2	 d�

�
Z
t��t

�r

p1W
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�
Z
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Z
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I d�t (11)

The increment on stress is expressed in terms of the increment of

strain and the plane-stress reduced, tangential stiffness matrix t �Cijkl.
Next, the increment of strains is expressed in terms of derivatives
of the increment of displacements. The Voigt notation was adopted
to reduce the fourth-rank stiffness tensor into a second rank tensor,

and the isotopicity was explicitly implemented ( �C1111 � �C11,
�C2222 � �C22, �C1122 � �C2211 � �C12 � �C21, �C1112 � �C1121 � �C1211�
�C2111 � 0, �C2212 � �C2221 � �C1222 � �C2122 � 0, and �C1212 � �C2121�
�C1221 � �C2112 � �C66). Accordingly, the equilibrium equation is
expressed in terms of the previous load step, stiffnesses, weight
functions, and increments on the derivatives of displacements:
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The basis function [Eq. (7)] was used to approximate the
incremental displacements and their derivatives. Equilibrium can be
expressed in matrix form by the following equations:

K I
11�U1 �KI

12�U2 � FI1; KI
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By selecting Nint weight functions of compact support, Eq. (14)
becomes 2Nint equations.

In the present study, the weight functions were chosen to have a
quadratic variation over a rectangular support in the ��; �� domain
(see Slemp et al. [13,14]). The weight functions are zero outside of
this support. By Eq. (6), the derivatives of theweights with respect to
the physical coordinates may be evaluated at a given ��; ��.
Therefore, the integration in Eq. (15) is well suited to be done by
Gauss quadrature in the ��; �� domain over the support of weight
function I. The approximation to KI

11 in Eq. (15) can be written as

KI
11 �

XNipt

i�1

XNipt

j�1
w��i�w��j��WI

;1��i; �j� �C11��i; �j�Ax1
��i; �j�

�WI
;2��i; �j� �C66��i; �j�Ax2��i; �j�	jJj��i; �j�


 ��max � �min���max � �min�
4

(16)

where jJj is the Jacobian of the domain transformation given in
Eq. (6) and �min, �max, �min, and �max are the boundaries in the support
of weight function I. Similarly, the contour integrals in FI1 may be
approximated by
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Because the complete physical domain was divided into two
subdomains, there are two sets of 2Nint equations. Let

�i�Kkl indicate
the collection of row matrices, KI

kl, for all integration weights

(I � 1; 2; . . . ; Nint) and for the i subdomain, as indicated in Fig. 3,
and let �ii�Kkl indicate the collection of row matrices, KI

kl, for all
integration weights (I � 1; 2; . . . ; Nint) and for the ii subdomain.
Then, the complete system of equations is given by

�i�K11
�i�K12 0 0
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�i�K22 0 0
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�ii�K12
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It should be noted that, in Eq. (18), the subdomains are uncoupled
and singular, because continuity between the subdomains and the
essential boundary conditions has yet to be enforced. To enforce the
essential boundary conditions and continuity between the two
subdomains, the traditional penalty method was used. The following
additional contour integrals were evaluated:
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P 1 � �
Z
�1

�i�WI �i�B��; �� d�1;

P2 � �
Z
�2

�i�WI �i�B��; �� d�2;

P3 � �
Z
�2

�i�WI �ii�B��; �� d�2;

P4 � �
Z
�2

�ii�WI �i�B��; �� d�2;
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Z
�2

�ii�WI �ii�B��; �� d�2;

P6 � �
Z
�3

�i�WI �ii�B��; �� d�3

(19)

where the contours �1, �2, and �3 are defined in Fig. 3, and � is a
penalty parameter. Zhu and Atluri [20] suggest a range of �103 �
107�E for the penalty parameter. For the present implementation, �
was chosen to be 106E. These matrices can be approximated by
Gauss quadrature in a similar fashion to that given in Eq. (17).

The domain is fully constrained by augmenting the system of
equations in the appropriate fashion:

�i�K11�P2
�i�K12 �P3 0

�i�K21
�i�K22�P1�P2 0 �P3

�P5 0 �ii�K11�P4�P6
�ii�K12

0 �P5
�ii�K21

�ii�K22�P4

2
66664

3
77775




8>>>>><
>>>>>:

�i��U1

�i��U2

�ii��U1

�ii��U2

9>>>>>=
>>>>>;
�

8>>>>><
>>>>>:

�i�F1 �P�i�2 U1�P�ii�3 U1

�i�F2 � �P1�P2��i�U2�P�ii�3 U2

�ii�F1 � �P4�P6��ii�U1�P�i�5 U1

�ii�F2 �P�ii�4 U2�P�i�5 U2

9>>>>>=
>>>>>;

(20)

or in a simplified form:

tK�i��u� tf�i� (21)

where the right superscript �i� implies the ith iteration of load step t.
The global unknown vector tu�i� may be iterated by the Newton–
Raphson method:

tu�i� ��u� tu�i�1� (22)

Equations (21) and (22) can be repeatedly used to increment tu until a
convergence criteria is satisfied. However, populating and
factorizing K for each iteration and load step would be extra-
ordinarily expensive. Thus, the modified Newton method is
employed, and K is only populated and factorized once:

t�0K�i�1��u� tf�i� (23)
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Fig. 9 Path dependence of J integral for elliptical hole
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Table 1 Elastic–plastic material

properties for a typical aluminum alloy

Properties Values

E, GPa 70
�y, MPa 400
� 0.33
Ep, GPa 1.4
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Initial analysis with the ILPGSM indicated the additional accuracy
can be achieved by overdetermining the system of equations [13].
Furthermore, applying the continuity condition between the
elements via the penalty method can cause ill conditioning. The
advantage of overdetermining the system is that the additional

information (more weight function or test equations) allows the
ILPGSM to obtain a converged solution despite the conditioning.
This was done by choosing more weight functions than unknowns,
thus resulting in more equations. The overdetermined least-squares
approach is often a standard approachwith theMLPG [21]. Thus, the
QR decomposition was used to factorize the stiffness matrix. That is,
forK having dimensions n 
m, where n > m, determines matrices
Q and R, such that

K �QR (24)

whereQ is n 
 nmatrix, andR is an n 
m upper triangular matrix.

Letting the topm rows ofQ andR be ~Q and ~R, respectively, then the
least-squares solution to Eq. (21) is approximated by

~R�u� ~QT�tf�i�� (25)

Note that, because ~R is upper triangular, the global increment�u is
estimated without the expense of populating and factorizing K.

III. Numerical Results for Elastic Notched Panel

For numerical evaluation, an elastic, infinite, plane-stress panel
with an elliptical notch was considered. The problem was analyzed
by Batra and Zhang [22] for an infinite panel with a circular hole. For
the sake of comparison, material properties and dimensions were
chosen to remain consistent with Batra and Zhang [22]. To that
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Fig. 12 Converged FEA mesh and ILPGSM sinc point distribution for elastic–plastic plane-stress panel with circular notch.
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Fig. 13 Displacement of the point �a; 0� versus applied tension load.

The onset of plasticity occurs at about 130 MPa.
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regard, the semimajor axis was specified to be r2 � 0:5 m and the
aspect ratio r2=r1 varied. The following isotropic elastic material
properties were chosen: E� 226:9 GPA, and �� 0:33. An analytic
solution for the present problem is well known [23]. While the panel
is infinite, only the innermost square was modeled, and the traction
boundary conditions were applied from the analytic solution so that
this solution remains valid. Both normal and shear traction along the
top and right edges were imposed from the analytic solution [23].
Remaining consistent with Batra and Zhang [22], a square segment
was modeled with a� 3 m, as indicated in Fig. 2.

The ILPGSM results were obtained using a sincmesh size taken to
be h� 2=N, which was shown to provide good convergence
properties for the previous studies with integrated sinc methods
[13,14]. The number of particles along each axis in the sinc
approximation was chosen by setting N � 14; that is, n� 29 sinc
points along each edge.

Contours of displacement are compared for the present method
and the analytic solution in Fig. 4 for a circular hole (a=b� 1). The
contours of the ILPGSM results are virtually indistinguishable from
the analytic solution, indicating the ILPGSM solution provides a
very accurate numerical solution for the displacements in the present
problem.

Contours of von Mises stress were plotted in Fig. 5 for the
complete domain and zoomed in near the hole. Note that the contours

are almost indistinguishable from the analytic solution. There is
some error in the solution near the line 2 � x1 � 2:5, x2 � 0.
However, the degree to which the stress concentration is approxi-
mated in the vicinity of the notch is quite excellent.
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Fig. 15 Growth of plastic zone with increasing applied load by ILPGSM and FEA. The red and blue contours indicate yielded material from the FEA
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Fig. 16 Displacement of the point �a; 0� versus applied tension load.

The onset of plasticity occurs at about 36 MPa.
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Similar results were obtained for an elliptical hole with an aspect
ratio of 10 (r2=r1 � 10). The contours of displacement are plotted in
Fig. 6, and contours of von Mises stress are plotted in Fig. 7. For the
severe notch, the ILPGSM still performs extremely well. The
ILPGSM and the analytic solutions are significantly distinguishable
only in the vicinity of the x1 � x2 � 3. Recalling the choice to divide
the domain along the edge x1 � x2, error in this vicinity may be
related to the subdomain division and areamapping. In the vicinity of
the substantial notch, the contours are indistinguishable. In general,
the ILPGSM solution shows excellent agreement with the analytic
solution.

The stress concentration factor in the vicinity of the hole was
plotted for the circular hole and a hole with an aspect ratio of 10 in
Fig. 8. In each case, ILPGSMoverestimated the stress concentration,
predicting stress concentrations of 3.2, 12.5, and 24 for the aspect
ratios of 1, 5, and 10. Deviations from the analytic solution for the
stress concentrations obtained by ILPGSM are 7, 14, and 14% for
aspect ratios of 1, 5, and 10, respectively. The erroneous stress
predictions in this vicinity could be related to insufficient mesh
refinement or applying the boundary conditions via the penalty
method along the edge x1 � 0.

The J integral, a measure of the strain energy-release rate or work-
per-unit fracture surface area, may be computed byZ

�

�Wn2 � ni�ijuj;2� d� (26)

where W is the strain energy density for elastic material and the
elastic strain energy density plus the plastic energy dissipation

density for elastic–plastic material under proportional loading. For a
line crack in an elasticmaterial, theJ integral is path-independent and
can be related to the mode I stress intensity factor by [4,5]

J� K1

�
1 � �2
E

�
(27)

Therefore, computing the J integral is a critical element of assessing
the damage tolerance of a structural member. For an elliptical notch,
the J integral is path-independent; however, it is not independent of
the beginning and ending points. This is illustrated in Fig. 9. Paths A
andB give the same J integral; however, pathC is not equivalent. For
the present problem, the J integral was analytically evaluated
between the two extreme points along the minor axis (paths A and B
in Fig. 9) by Livieri [5] and Livieri and Segala [24]. Accordingly, the
J integral is analytically given by

J� �
2
norm

E

�
2r42

c�r2 � r1�2
�
cr1
r22
� tan�1

�
c

r1

��

� 4
r22r1c

�r2 � r1�3
tan�1

�
c

r1

�
� r1c

4

�r2 � r1�4
�

(28)

where r2 is the major axis, r1 is the minor axis, and c�
���������������
r22 � r21

p
.

The J integral was numerically evaluated from the ILPGSM
solution by selecting successive paths on which � or � are constant.
Three paths were selected and averaged to verify path independence.
The paths are shown for an aspect ratio of 10 in the �x1; x2� domains
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Fig. 17 VonMises stress and plastic strain for panel with elliptical notch with an aspect ratio of five (r2=r1 � 5). Load steps 1–100, 2–130, 3–150, 4–200,

5–250, 6–300, and 7–340 MPa.
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in Fig. 10. Because of the problem’s symmetry, it can be shown that
the J integral defined around thewhole notch (see Fig. 9) is twice that
along the contours shown in Fig. 10. The numerical results were
compared with the analytic solution for the increasing aspect ratio in
Fig. 11, using N � 15. The figure indicates that the J integral
compares well with the analytic solution. However, the results
deteriorate with the increasing aspect ratio due to increasing severity
of the stress concentration. It should be noted that, by increasing the
number of sinc points, the accuracy can be recovered for the elliptical
cracklike notches.

In Fig. 11, the convergence of the J integral is plotted for
increasing the number of sinc points for an aspect ratio of five. The
result indicates N � 15 (31 sinc points along each axis in each
subdomain) provides a converged solution.

IV. Numerical Results for Elastic–Plastic
Notched Panel

Elastic–plastic panels with circular and elliptical notches were
studied numerically, using the ILPGSM method. The panels were
assumed to have a bilinear kinematic hardening material law, as
detailed by Kojić and Bathe [25]. The material properties for a

generic aluminum alloywere used. The properties are summarized in
Table 1.

In each case, the panel had finite dimensions, as shown in Fig. 2,
with a� 0:71 m and r2 � 0:12 m. Uniform tension was applied to
the right edge, and the top surface was free. The symmetry boundary
conditions were applied to lines x1 � 0 and x2 � 0 (see Fig. 2). For
the panel with a circular notch, the load was increased proportionally
from 10 to 340 MPa in steps of 10 MPa. A relative convergence
criteria was used to determine convergence of the modified Newton
iteration. Convergence was assumed to occur when the norm of the
vector of the displacement increment was 1 
 10�4 times the norm of
the displacements at the sinc points. That is,

kf�u1��i; �j�;�u2��i; �j�gk
kfu1��i; �j�; u2��i; �j�gk

< 1 
 10�4 (29)

where fi; jg � f�N;�N � 1; . . . ; Ng. The onset of plasticity was
estimated to occur at a load of approximately 130MPa, assuming the
panel behaves similarly to the infinite panel.

For a panel with a circular notch, ILPGSM implemented in
MATLAB® was used to analyze the problem. The sinc points were
distributed using N � 14 or n� 29 sinc points along each edge in
each subdomain and using a mesh size of 2=N (see Slemp et al.

0 0.2 0.4 0.6 0.8
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0 0.2 0.4 0.6 0.8
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0 0.2 0.4 0.6 0.8
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0 0.2 0.4 0.6 0.8
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

FEA

ILPGSM

a) q = 150 MPa b) q = 250 MPa

c) q = 300 MPa d) q = 340 MPa

Fig. 18 Growth of plastic zone with increasing applied load by ILPGSM and FEA for elliptical notch with aspect ratio of five �r2=r1 � 5�. The red and

blue contours indicate yielded material from the FEA and ILPGSM, respectively.

2094 SLEMP, MULANI, AND KAPANIA



[13,14]). A total of 1682 sinc points were used, resulting in a system
of 4356 equations in 3844 unknowns. For this problem, the QR
decomposition using the linear algebra package (LAPACK) took a
total of 45 s on a single 2.99 GHz processor. For the panel with an
elliptical notch, more sinc points were used. ILPGSM was
implemented in FORTRAN 90. The sinc points were distributed,
using N � 20 or n� 41 sinc points along each edge in each
subdomain and using amesh size of 2=N (see Slemp et al. [13,14]). A
total of 3362 sinc points were used, resulting in a system of 8100
equations in 7396 unknowns. For this problem, the QR
decomposition using LAPACK took a total of 297 s on the same
2.99 GHz processor.

Results were compared with a finite-element solution obtained in
Abaqus/Standard. For the FEA solution, substantial mesh refinement
was performed until a similar solution was obtained by two
successivelyfinemeshes. A total of 7163 nodes was used tomesh the
panel with a circular hole, and 18,031 nodes were used to mesh the
panel with an elliptical hole with an aspect ratio of five. The
von Mises stress was examined to insure that there were no stress
peaks occurring in only one element. The FEA mesh with boundary
conditions and the ILPGSM sinc point distribution may be seen in
Fig. 12.

A. Circular Notch

The u1 displacement of the point �a; 0� (maximum u1
displacement) was plotted against the applied tension load in
Fig. 13. The FEA and ILPGSM solutions are indistinguishable.
Note that, while the onset of plasticity occurs near the 130 MPa
applied load, the displacement shows very mild nonlinearity until,

approximately, the 300 MPa applied load. Near 340 MPa, the panel
becomes fully plastic. The von Mises stress and plastic strain (�p11)
were plotted along the line x1 � 0 in Fig. 14 for load increments of
q� 100, 130, 150, 200, 250, 300, and 340 MPa. The success of the
ILPGSM to capture the plasticity is apparent. Note that the ILPGSM
performs exceptionally well at capturing the plastic zone size, and tip
stress results tend to deteriorate. As the plasticity grows, the stress
slope discontinuity moves into areas of less densely populated sinc
points (see Fig. 12). This results in deterioration of the results, as
evident by slight wiggles in the stress in load steps 6 and 7 and in the
drop in plastic strain near the hole in steps 6 and 7.

The growth of the plastic zone sizewas plotted in Fig. 15.Note that
the two analyses provide similar results. In general, ILPGSM results
in a larger plastic zone size than the FEA. Note, however, in Fig. 15d,
there are additional blue contours, indicating yielded material. This
result is likely because of an insufficient refinement in the sinc point
distribution andwould likely be resolved by increasing the number of
sinc points.

B. Elliptical Notch

The u1 displacement of the point �a; 0� (maximum u1
displacement) was plotted against the applied tension load in
Fig. 16 for a panel with an elliptical notch with an aspect ratio of five.
The FEA and ILPGSM solutions are indistinguishable. For the
elliptical case, the onset of plasticity occurs near a 36 MPa applied
load; however, the plasticity remains localized until, approximately,
a 300MPa applied load.Note that the fully plastic yielding occurs at a
load very near the load at which the circular notched panel becomes
fully plastic.
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Fig. 19 Comparison of contours of von Mises stress by ILPGSM and FEA for panel with elliptical hole.
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The von Mises stress and the plastic strain are plotted in Fig. 17.
The ILPGSM solution and the FEA solution are nearly
indistinguishable. Even plotting with a logarithmic ordinance scale,
the FEA and ILPGSM solution appear nearly indistinguishable. The
plastic strain is predicted slightly higher by the ILPGSM in the direct

vicinity of the hole. Nonetheless, the figure indicates an excellent
correlation between the ILPGSM and the FEA solutions.

The growth of the plastic zone size was plotted in Fig. 18. The
two analyses provide very similar results. The plastic zone size is
predicted to be larger in some areas and smaller in others.
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Furthermore, the figure indicates that there is yielding in the very
vicinity of the hole. In this case, the ILPGSMappears to be inaccurate
at the boundary of the hole; however, throughout the majority of the
domain, the solution shows excellent correlation with the FEA
results.

Contours of the von Mises stress for the panel with an elliptical
notch were plotted in Fig. 19. Contours of the displacements were
plotted in Fig. 20. In each case, the contours are indistinguishable
from the FEA result.

C. J Integral

The J integral was computed for both the panelwith a circular hole
and an elliptical hole. Abaqus provided a mechanism to compute the
J integral. For the ILPGSM results, the integral was averaged over
the three contours shown in Fig. 10. Five contours were averaged for
the FEA results inAbaqus. The results are compared in Fig. 21. The J
integral is computed within 2 and 2.5% of the FEA for the circular
and elliptic holes, respectively.

V. Conclusions

In this paper, the ILPGSM was extended for analysis of elastic–
plastic materials. Both elastic and elastic–plastic plane-stress panels
with elliptical and circular notches were considered. The physical
domainwas decomposed into two subdomains that were transformed
onto square domains in the fashion of isoparametric finite elements.
The essential boundary conditions and the continuity between
subdomains were imposed by the traditional penalty method. The
results show the ILPGSM provides sufficient accuracy for both
elastic and elastic–plastic problems. While the approach imple-
mented could handle any loading and unloading, only proportional
loading was considered, and the J integral was computed using three
contours. The elastic panel was compared with the analytic solution
for the problem [23]. The elastic–plastic problemwas comparedwith
a FEA performed in Abaqus. The results indicates a high level of
accuracy for both the linear and nonlinear problems, even with large
levels of plastic flow occurring. The accuracy decreases for an
increasing hole aspect ratio (with the same number of sinc points), a
result which is not surprising because, with a finite-element solution,
more elements are required for a converged solution for the highly
elliptic, cracklike notch.
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